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Abstract 
 
Several new mechanisms have been hypothesized in the recent years to characterize the thermal conduction behavior in 
nanofluids. In this paper, we show that a large set of nanofluid thermal conductivity data is enveloped by the well-known 
Hashin and Shtrikman (HS) mean-field bounds for inhomogeneous systems. The thermal conductivity in nanofluids, 
therefore, is largely dependent on whether the nanoparticles stays dispersed in the base fluid, form linear chain-like 
configurations, or assume an intermediate configuration. The experimental data, which is strikingly analogous to those in 
most solid composites and liquid mixtures, provides a strong evidence for the classical nature of thermal conduction in 
nanofluids.  
 
 
1.0 Introduction 
 
The initial promise of nanofluids as an advanced, 
nanoengineered coolant has been tempered in the recent 
years by a lack of consensus on its thermal conduction 
mechanism. The early experiments showed a fascinating 
increase (up to 40%) in the thermal conductivity with 
low nanoparticle volume fraction (<1%) [1-3]. While 
several experiments with well-dispersed nanoparticles 
have shown modest conductivity enhancements 
consistent with the Maxwell mean-field theory [4-10], 
more instances of substantially larger enhancements are 
also reported in recent years [11-23] lending a reasonable 
confidence to the experimentations. The variability in 
these results thus, highlights the difficulty of preparation 
and reproduction of consistent or standardized nanofluid 
samples.  
 
For nanofluids, the thermal conductivity enhancements 
beyond the prediction of Maxwell’s theory [24] are often 
regarded to be anomalous or unusual. In the Maxwell 
theory, the effective thermal conductivity is estimated by 
combining a set of well-dispersed, spheres into one 
equivalent sphere. Originally developed for assessing the 
electrical conductivity, the Maxwell theory for the 
thermal conductivity of nanofluid is given by  
 
1 2
1f
κ βφ
κ βφ
+= −        (1) 
 
whereφ is the nanoparticle volume fraction, 
[ ] ( )/ 2p fβ κ κ κ= + and [ ] p fκ κ κ≡ −  is the difference 
between the thermal conductivities of the nanoparticle 
and the base fluid. If a finite temperature discontinuity 
exists at the nanoparticle-fluid interface, Maxwell model 
would still apply provided one makes the substitution 
f f pκ κ ακ→ + (on the right-hand side), where 
2 / ,b fR dα κ= Rb is the interfacial thermal resistance, and 
d is the nanoparticle diameter [25, 26].  
 
In addition to larger thermal conductivity, experiments 
have also revealed more disagreements with the Maxwell 
model. The thermal conductivity is shown to have an 
inverse dependence with nanoparticle size [11, 18, 27, 
28] and a linearly increasing behavior with temperature 
[22, 29]. Interestingly, there appears to be a fundamental 
difference between the thermal conductance behavior of 
solid composites and nanofluids. In the former, smaller 
dispersed (or filler) particles, especially those in the 
nanometer size range, significantly reduce the matrix 
thermal conductivity. In some cases the thermal 
conductivity is reduced well-below that of the base 
medium  [30] at all volume fractions while in others the 
enhancement is severely suppressed [31]. The solid 
composite behavior is easily explained through the 
interfacial thermal resistance, Rb, that has an inversely 
dependence on the particle diameter as shown before [25, 
32, 33]. Thus, decreasing the filler particle size will 
reduce the effective thermal conductivity of the solid 
composites and vice versa. For the case of nanofluids the 
experimental data indicates that the thermal conductivity 
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increases with decreasing nanoparticle size, a behavior 
which is clearly at odds with the Maxwell model [11, 18, 
27, 28]. A few experiments also have also shown that the 
nanofluid thermal conductivity is not correlated in a 
simple manner to that of the nanoparticle as predicted by 
the Maxwell model [12, 20]. A limiting behavior at 
higher volume fractions is also observed in nanofluids 
which is qualitatively different from that in solid 
composites. While the thermal conductivity displays a 
quadratic or power law behavior at higher volume 
fractions for solid composites [34, 35], it is known to rise 
rapidly at lower volume fractions and then saturate for 
several nanofluids  [12, 14, 20]. 
 
Several mechanisms have been recently proposed to 
account for the excess thermal conductivity beyond the 
Maxwell prediction. These include Brownian motion of 
the nanoparticles [36, 37], fluid convection at the 
microscales [38-44], liquid layering at the particle-fluid 
interface [45-50], nanoparticle shape [51, 52],  cluster 
agglomeration [53, 54], or a combination of aforesaid 
mechanisms [55-59].  A disconcerting aspect of having 
several theories is compounded by the ability of each 
postulated mechanism to match the experimental data 
accurately.  
 
In this paper, we start by asking an elementary question-
Is there an anomalous enhancement in the thermal 
conductivity for nanofluids? By analyzing a large body 
of data including those from our experiments, we show 
that almost all the reported thermal conductivity data are 
enveloped by the well-known Hashin and Shtrikman (H-
S) mean-field bounds for inhomogeneous materials [60]. 
This observation strongly indicates that the nanoparticles 
can exist in several configurations ranging from a well-
dispersed mode to a linear chain-like arrangement. 
Indeed, a variety of experiments support the presence of 
both configurations through SEM (scanning electron 
microscope) pictures [1, 2, 6, 7, 11, 12, 14, 19, 20, 27]. A 
comparison to the conduction behavior of solid-solid 
composites and liquid-liquid mixtures reveal that the H-S 
bounds, to a large extent, have a universal applicability. 
While this is recognized for solid-composites it is not so 
well-known for liquid mixtures. We further show that the 
conduction behavior in binary solid composites differs 
from that of nanofluids in one important aspect which is 
its susceptibility to interfacial thermal resistance for 
nanometer sized filler particles. The apparent anomalous 
behavior of nanofluids is thus shown to emerge from a 
rather confined viewpoint of assuming well-dispersed 
nanoparticles; removing this restriction and allowing 
chain-like morphologies for the nanoparticles vastly 
improves the ability of mean-field theories to predict 
much higher thermal conductivities. We thus, affirm the 
classical nature of thermal conduction in nanofluids and 
show that it is consistent to that of binary solid 
composites or liquid mixtures.  
2.0 The Theoretical Framework for Thermal 
Conduction in Nanofluids 
 
For a single component material, thermal conduction is 
described uniquely with the Fourier constitutive law, 
q = - Tκ′′ ∇& where κ is the thermal conductivity and T is 
the temperature. In a mixture heat can flow from multiple 
gradients, in addition to the temperature gradient, such as 
those resulting from concentration and external fields. 
The theoretical framework is provided by the linear 
phenomenological theory which postulates that the fluxes 
are linear homogeneous functions of the corresponding 
gradients. While an intrinsic thermal conductivity exists 
for the nanofluids, the measured thermal conductivity 
can include effects of diffusion, chemical reactions and 
other external fields. Since diffusion, directly and 
indirectly, is considered to be a key mechanism for the 
nanofluid thermal conductivity in several new theories  
[36-44], the theoretical framework is elaborated here to 
make a quantitative assessment of diffusion and chemical 
reactions on nanofluid thermal conductivity. The 
formalism is well-known and in this paper, it is adopted 
from deGroot and Mazur [61]. 
  
This linearity of fluxes and gradients is expressed as  
 
ˆ ˆ ( 1, 2,..., )
n
ik k
k=1
L X i n≡ =∑J  LX =    (2) 
 
where J and Xˆ  are the generalized flux and gradient 
vectors respectively. L is a matrix containing the 
phenomenological coefficients. The cross coefficients Lik 
and Lki are equal, following the Onsager’s reciprocity 
hypothesis. The heat flux in a multi-component system is 
not defined uniquely, as hence, the thermal conductivity. 
A commonly accepted definition follows from the 
second law of thermodynamics and for an n component 
system, it is given by [61] 
 
1
ˆ n k k
q q
k
h
=
− ∑J  = J J      (3) 
 
where ˆ qJ  is the heat flux which is usually measured in 
an experiment, Jq is the reduced heat flux and J is the 
mass flux, and h is the partial enthalpy for each species. 
The difference between the Jq and ˆ qJ represents the heat 
transfer due to diffusion and hence, Jq is responsible for 
the intrinsic conduction in a multi-component system. 
For components (s, l), abbreviated for solid nanoparticles 
and base liquid, respectively, the phenomenological 
relationship reduces to the following form [61] since 
only temperature and concentration gradient are 
predominant in the nanofluid system 
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( )2 1 s lq qq qs TTL L TT μ μ∇− − ∇ −J  =    (4) 
( )2 1s s lsq ss TTL L TT μ μ∇− − ∇ −J  =    (5) 
 
where μ is the chemical potential and for the binary 
nanofluid system, Js = -Jl. In experiments, diffusion is 
associated with a concentration gradient (c) rather than 
the chemical potential. The above equations can be recast 
in terms of experimental coefficients in the following 
form [61] 
 
,
"
s
s
q s s
T p
T TD c
c
μκ ρ ⎛ ⎞∂= − ∇ − ∇⎜ ⎟∂⎝ ⎠J
    (6) 
s s l sl s
Tc c D T D cρ ρ= − ∇ − ∇J     (7) 
 
The phenomenological coefficients are related to the 
experimental coefficients in the following way  
 
2
qqL
T
κ =        (8) 
2"
qs
s l
L
D
c c Tρ =
                   (9) 
2
sq
T s l
L
D
c c Tρ =
                 (10) 
,
s
sl ss
l s
T p
LD
c T c
μ
ρ
⎛ ⎞∂= ⎜ ⎟⎜ ⎟∂⎝ ⎠
                (11) 
 
In Eq. (6) and 7, TD , "D and 
slD stand for the thermal 
diffusion coefficient, the Dufour coefficient and the 
mutual (binary) diffusion coefficient, respectively, while 
the density of the system is given by ρ. Thermal 
diffusion coefficient ( TD ) accounts for the flow of 
matter with a temperature gradient while the Dufour 
coefficient ( "D ) is a measure of the inverse effect which 
is the flow of heat due to the concentration gradient. The 
Onsager’s reciprocity theorem ensures that the 
coefficients TD and "D are equal. κ is the thermal 
conductivity of the nanofluid system and it is clear that it 
is a native or intrinsic property to the nanofluid without 
any contribution from the diffusion. The ratio 
of TD to
slD  is defined as the Soret coefficient and is 
given by  
 
1 sT
T sl s l
D cs
D c c T
∇≡ = − ∇                 (12) 
 
In an experiment, measurements can be made at the 
beginning ( 0)sc∇ = or at the end 0)s =(J . Thus, 
multiple definitions for the effective thermal 
conductivities for the system can be defined for these 
limiting conditions which are as follows  
 
ˆˆ, ( 0)sq qT T cζ ζ= − ∇ = − ∇ ∇ =J J             (13)
  
ˆˆ, ( 0)s lq qT Tλ λ= − ∇ = − ∇ = =J J J J       (14)
  
The reduced heat flux Jq is associated with two thermal 
conductivities (ζ, λ) and the heat flux, ˆ qJ with ˆ ˆ( , )ξ λ . As 
mentioned before, the difference between the heat fluxes 
(Eq. 3) is solely due to the heat carried by the diffusing 
particles. It can be shown that [61] 
 
,
ˆ ( )s l s lTD h h c c
ζ κ
ζ κ ρ
=
= + −                (15) 
 
( ) ( )2 2
ˆ
s
T s l
sl s
D
c c T
D c
μλ κ ρ
λ λ
⎛ ⎞∂= − ⎜ ⎟∂⎝ ⎠
=
                            (16) 
 
Eqs. (15) and (16) correspond to the conditions, 0sc∇ =  
and Js=Jl=0, respectively. Thus for a measurement when 
the mass fluxes are zero, the effective thermal 
conductivity (λ) is always less than the intrinsic thermal 
conductivity (κ). At the beginning of the experiment 
when there are no concentration gradients, the effective 
thermal conductivity (ξ), as expected, is equal to that of 
the intrinsic value. A steady-state experiment 
corresponds to Js=Jl=0, and theoretically, the measured 
thermal conductivity is given by λ while a transient hot 
wire measurement is closer to the condition, 0sc∇ = .  
 
Eqs. (15) and (16) show the effect of diffusion on the 
thermal conductivity of a nanofluid assuming that there 
are only two gradients, namely, temperature and 
concentration. The formalism is extendable to include 
other fields such as pressure gradient and external fields 
as long as the assumed linearity given in Eq. (2) is 
satisfied. In the next section, we will give an estimate of 
the various effective thermal conductivities for situations 
with simple diffusion and also with chemical reactions 
since nanosized particles are known to be highly 
reactive. 
 
 
3.0 Possible Mechanisms for Nanofluid 
Thermal Conduction 
 
3.1 Mean-Field Models 
 
The simplest and perhaps, the most intuitive mean-field 
models are the series and parallel modes of thermal 
conduction. In the former, the conducting paths, namely, 
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those through the base fluid and the nanoparticles, are 
assumed to be in series and while in the latter they are 
regarded to be in parallel (see Fig. 1). The effective 
thermal conductivity of the nanofluid medium in the two 
models are given by [62] 
 ( )11
f p
φ φ
κ κ κ=
−= +                 (17) 
 
( )|| 1 f pκ φ κ φκ= − +                 (18) 
 
where κ= and κ|| are the series and parallel mode thermal 
conductivities, respectively.  
 
 
 
 
 
 
 
 
 
Heat Flux 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Heat Flux 
 
 
 
 
 
Fig. 1. A two-dimensional representation of series (a) 
and parallel (b) modes of conduction paths for 
nanofluids. The parallel mode represents the most 
efficient way of heat conduction in a binary nanofluid 
system. 
 
As can be inferred from the SEM pictures, neither series 
nor parallel configuration is strictly applicable to a 
nanofluid even though the intertwined fibers allow the 
nanotube suspensions to be approximated by the parallel 
mode. Since the parallel mode corresponds the geometric 
configuration that allow the most efficient way of heat 
propagation in a binary system, it represents the absolute 
upper limit for the effective thermal conductivity 
regardless of the phase of the material. For example, the 
experiments in [63] show an increase of 5000% in the 
thermal diffusivity for low density polyethylene when 
the polymer fiber was configured in the direction of heat 
flow as opposed to perpendicular to the heat flow 
direction. Not surprisingly, numerous experiments have 
shown that the upper bound is rarely, if not ever, violated 
in binary solid composites or liquid mixtures. 
 
The series and parallel bounds are not the narrowest that 
can be estimated with the mean-field approach. Hashin 
and Shtrikman (HS) has derived a set of bounds, that is 
most restrictive on the basis of volume fraction alone. 
Any improvement on these bounds would require 
additional knowledge on the statistical variations of the 
dispersed medium. The HS bounds for nanofluid thermal 
conductivity are given by [60] 
 
[ ]
( )[ ]
( )[ ]
[ ]
3 3 1
1 1
3 1 3f pf p
φ κ φ κκ κ κκ φ κ κ φ κ
⎛ ⎞ ⎛ ⎞−+ ≤ ≤ −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟+ − −⎝ ⎠ ⎝ ⎠
  (19) 
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Fig. 2. A two-dimensional representation of the 
nanofluid configuration for the lower HS bound (a) and 
upper H-S bound (b). The lower HS bound corresponds 
to the Maxwell model when 
p fκ κ> , and vice-versa.  
Liquid Medium 
(a) 
Liquid Medium 
(b) 
Liquid Medium 
(a) 
Liquid Medium 
(b) 
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It is assumed that p fκ κ> or otherwise, the upper and 
lower bounds would simply reverse. Notice that Eq.(1), 
which coincides with the lower HS bound when p fκ κ>  
and with the upper bound in the opposite case, is 
rigorously exact to first order inφ , as evident from the 
dilute limit, ( )1 3p fκ κ βφ= + .  Physically, the lower limit 
corresponds to a set of well-dispersed nanoparticles in a 
fluid matrix while the upper limit corresponds to large 
pockets of fluid separated by linked or chain-like 
nanoparticles as shown in Fig. 2. 
 
In the lower HS configuration, the nanoparticles are 
always well-dispersed and therefore, the effective 
conductivity is biased towards the conduction paths in 
the surrounding fluid [64]. Like wise, the upper HS 
conductivity is biased towards the conduction paths 
along the dispersed nanoparticles. The lower HS limit 
(κHS-) thus, lies closer to the series mode of conduction 
while the upper limit (κHS+) approaches the parallel 
mode. If the configuration is neutral, i.e., neither 
favoring the series nor the parallel mode, then the 
effective thermal conductivity (κ0) would lie in between 
lower and upper HS bounds. This approach, attributed to 
Bruggeman and also sometimes known as the effective 
medium theory (EMT), predicts the thermal conductivity 
in the implicit form given in Eq. (20) [60]. Both the HS 
and the unbiased model do not have any restrictions on 
the volume fraction unlike that of Maxwell which is 
strictly applicable only to dilute nanofluid systems. 
 
( )1 0
2 2
f p
f p
κ κ κ κφ φκ κ κ κ
⎛ ⎞ ⎛ ⎞− −− + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
                  (20) 
 
In a nanofluid, the unbiased configuration would be a 
mix of well-dispersed nanoparticles and linear 
aggregation. All the mean-field models thus, correspond 
to different configurations of the dispersed medium and 
it can be shown for 
p fκ κ>  [60, 62] 
 
0 ||HS HSκ κ κ κ κ= − +< < < <                 (21) 
 
The effective κ for a well-dispersed nanofluid is not a 
function of κp as given by the relation ( )1 3p fκ κ φ= +  
provided / 1p fκ κ > . However, κ for aggregated 
nanofluids, as given by the upper HS bound, is a function 
of the nanoparticle thermal conductivity and a larger 
enhancement is theoretically predicted for / 1p fκ κ > . 
Allowing for clustering effects, therefore, dramatically 
broaden the thermal conductivity range that is consistent 
with the mean-field approach. The recent model of 
Prasher et al [53] assumes a linear chain-like clustered 
configuration for the nanoparticles and is very similar to 
the upper HS configuration. The aggregation model, as 
expected, predicts a substantially higher thermal 
conductivity in comparison to Maxwell model. In the 
limit ( )/ 1p fφκ κ > , the aggregation model [53] predicts 
( )/ / 3 /f p fκ κ φ κ κ= which can be compared to 
( )2 / 3 /p fφ κ κ and /p fφκ κ for upper HS and parallel 
modes, respectively. Even though the aggregation model 
[53] agrees with numerical simulations with fractal 
clusters, the lack of direct comparison to experiments 
does not allow the model to probe the purported anomaly 
of nanofluid thermal conduction. Interfacial thermal 
resistance has not been taken into account in any of these 
models yet and if applicable, it is easily incorporated 
[25]. The interfacial resistance always reduces the 
effective thermal conductivity and hence, the bounds 
presented here are the highest for the appropriate 
configurations [65]. 
 
As discussed before, not all nanofluid samples are well-
dispersed as evident from the data from SEM analysis 
which point to the existence of partial clustering and 
chain-like linear aggregation (Figs. 3 and 4). Thus there 
is a strong evidence (though not conclusive) that linear 
nanoparticle clustering can explain the thermal 
conductivity enhancement beyond that of Maxwell 
predictions.  
 
 
 
Fig. 3. SEM picture of alumina nanofluid 
 
 
 
Fig. 4. SEM picture of Ludox (silica) nanofluid 
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In this paper, we will systematically explore the four 
mean-field  bounds, namely, series, lower HS, upper HS 
and parallel, for the reported data on nanofluids and 
make a critical comparison with those observed in solid-
solid composites and liquid mixtures. Analogous 
behavior will imply classical conduction mechanisms in 
all three binary systems while a persistent or conspicuous 
violations of the upper HS or parallel bounds, will give 
credence to the anomalous thermal conduction behavior 
in nanofluids. 
 
3.2 Interfacial Layer Models 
 
The interfacial layer models are a special case of mean-
field models with the structure provided not by clustering 
of nanoparticles but through an ordered fluid structure 
around the nanoparticles [45-50, 55, 57, 58]. As such, the 
predictions of interfacial layer models are enveloped by 
the mean-field bounds discussed before. Interestingly, 
the interfacial layer models are far more popular than 
those assuming nanoparticle clustering (even though 
experiments suggest otherwise) and thus, are treated as a 
separate mechanism in this paper.  
 
We will analyze the current state of knowledge to make a 
reasonable assessment on the role of interfacial layers in 
nanofluids. The motivation for proposing this model 
stems from both theoretical and experiment evidences of 
ordered layering near a solid surface. For example, 
molecular dynamics simulations predict three ordered 
layers of water on the Pt (111) surface [66]. In the first 
layer, water molecules form ice-like structures with the 
oxygen atoms bound to the Pt atoms while in the second 
and the third layers, water molecules that are hydrogen-
bonded to the first and the second layer respectively, are 
observed. This ordering, even with a strong perturbation 
induced on the surface, persists over a distance of O(1 
nm) from the Pt surface. Very similar behavior has been 
experimentally reported on a crystal-water interface [67]. 
Close to the interface, two layers of ice-like structures 
strongly bonded to the crystal surface were followed by 
two diffuse layers with less pronounced lateral and 
perpendicular ordering. Direct experimental evidences 
are also available for thin layering with liquid squalane 
[68] and non-polar liquids [69] adjacent to a solid 
surface.  
 
In a recent molecular dynamics (MD) simulation it was 
shown that atomic-sized clusters of the order of 10 
atoms, which interact strongly with the host fluid, 
produce an amorphous-like fluid structure [70] near the 
cluster. This interfacial structure, which is O(1nm), 
provides a network of percolating conduction paths [70]. 
The effective thermal conductivity is much higher than 
that of the Maxwell prediction (50% enhancement at 
approximately φ =5%) but is well-bounded by the upper 
H-S limit. However, when the cluster size increases to 
hundreds of atoms, the percolation of interfacial 
structures is impeded dramatically and the relatively 
large enhancements reduce to more modest values 
consistent with Maxwell theory (lower HS bound). These 
results are in agreement with an earlier MD study [71], 
which showed no discernible increase in the interface 
thermal conductivity even while observing four ordered 
fluid layers near a surface. Similar results are also 
reported for water which showed no dependence of the 
molecular orientation on the thermal conductivity [72]. 
 
A theoretical estimate for the interface thickness around 
a nanoparticle can be made from the Yan model [58] 
which is given by 
 
1/3
41
3
f
f a
M
h
Nρ
⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠
                     (22) 
 
where Mf and ρf is the molecular weight and density of 
the surrounding fluid medium around a nanocluster and 
Na is Avagardo’s Number given by 6.023×1023. For 
water-based nanofluids the Yan model gives an 
interfacial thinkness of 2.84 nm which is larger that seen 
in experiments or MD simulations, but consistent on the 
order of magnitude. 
 
Almost all the interfacial layer models which have been 
proposed in the past share the idea of a complex 
nanoparticle which is made of the bare nanoparticle and 
a postulated interfacial fluid nanolayer with an arbitrary 
thickness and thermal conductivity. The introduction of 
the nanolayer allows the estimation of an effective 
volume fraction which then is used in the regular mean-
field models. Most models focus nanoparticles that are of 
the order 10 nm in size or smaller, and assume an 
interface thickness from 2-5 nm to provide evidence for a 
nanolayer-influenced thermal conduction mechanism. 
Sometimes, to make contact with the experiments an 
unsupported nanolayer thermal conductivity, as large as 
10 times the fluid thermal conductivity [45] is also 
needed. However, the assumptions are at variance with 
the theoretical and experimental evidences [67-69, 73] 
which indicate that the interfacial layers are limited to a 
few molecular dimensions.  
 
It is easy to show that an O(1) nm layering is of no 
consequence to nanofluids that have been experimentally 
tested as the nanoparticles sizes are mostly of the order 
of 10 nm and above [74]. Since the volume fraction of 
the nanoparticles scales as d3, a 1 nm interfacial 
thickness for a 10 nm nanoparticle would correspond to a 
relative volume change of 10-3 which is too small to 
account for any effect on the effective thermal 
conductivity. The experiments by Putnam et al [9] shows 
no unexpected increase in thermal conductivity (largely 
in agreement with Maxwell prediction) for well-
dispersed gold particles that are as small as 4 nm. 
Without making a case of a strong interfacial thermal 
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resistance, which we will analyze in more detail in the 
next section, and a subsequent postulation of an 
enhanced interfacial conductance that matches exactly 
with the Maxwell prediction, these experiments provide a 
direct evidence to the absence of any ordered liquid 
structures that influences the thermal conduction 
behavior. Indeed, such fluid structures, if they occupy a 
sizable volume in the fluid with a discernible density 
increase, they would have been detected by DLS. The 
absence of such structures in our measurements as well 
as those reported to date indicates that interfacial fluid 
structures which influence the thermal conductivity do 
not exist for the commonly tested nanofluids.  
 
3.3 Brownian and Micro-convection Models 
 
Effect of diffusion of nanoparticles 
 
In a completely new approach, the Brownian and micro-
convection models attempt to rationalize the temperature 
and size dependency by postulating a diffusion 
dependent thermal conductivity, albeit, different from 
that given by Eqs. (15) and (16). The Brownian models 
[36, 59]  assumes that that the nanofluid thermal 
conductivity is dependent on the self diffusion 
coefficient of the nanoparticle which is given by the 
well-known Stokes- Einstein relationship, ( )/ 3B pD k T dπμ=  where μ is the dynamic viscosity, dp 
is the nanoparticle diameter and kB is the Boltzmann 
constant. Even though the natural outcome of this model 
is to predict the correct trends for temperature and 
nanoparticle size, this effort is criticized by several 
researchers, especially for the large mean free path of the 
liquid molecules with magnitude of O(1) cm [75, 76]. In 
a Brownian dynamics (BD) simulation [37], the effect of 
diffusion is quantitatively estimated without resorting to 
explicit modeling. The simulations however, employs an 
algorithm that does not satisfy momentum or energy (the 
only quantity that is conserved is mass, and hence, the 
sole transport property that can be estimated from a BD 
simulation is the diffusion coefficient), and also employs 
a linear response (Green-Kubo) relationship for thermal 
conductivity that is not valid [77] for a BD phase space 
that is both discontinuous and stochastic [78].  
 
As discussed in Section 2, diffusion can enhance the 
thermal conductivity due to Soret effect and also through 
chemical reactions that can occur between the 
nanoparticles and the solvent. In the simple diffusion 
case, the excess thermal conductivity due to diffusion 
is ( )s l s lTD h h c cκ ρΔ = − . Typical values for the 
colloids and nanofluid Soret coefficients are less than 0.1 
K-1 [9, 79, 80]. This gives an upper bound on the thermal 
diffusion coefficient DT of O(10-10) m2s-1K-1 with a 
diffusion coefficient Dsl of O(10-11) m2/s corresponding 
to 10 nm sized nanoparticles. Note that the mutual and 
the self diffusion coefficients are nearly the same for 
small volume fractions. Since the difference in the 
specific enthalpy (h) between the nanoparticles is at most 
104 J/kg, the excess thermal conductivity Δκ is several 
orders less than that of the base fluid.  
 
At nanoscales, the nanoparticles can be exothermally 
reactive and diffusion accompanied by chemical 
reactions can also enhance the thermal conductivity [61]. 
If chemical equilibrium is reached before any 
appreciable transport, the effective thermal conductivity 
can increase by [61] 
 
( )2slf
s
s
D h
T
c
ρκ μ
ΔΔ = ⎛ ⎞∂⎜ ⎟∂⎝ ⎠
                (23) 
 
where Δh is the reaction heat which is of the order of the 
gradient in the chemical potential μs for the nanoparticles 
[61]. With a bounding Δh of 105 J/kg for reaction rates 
for nanoparticles in solutions (for example, the  
adsorption energy of water at alumina surface is ~140 
kJ/mol [81]), Δκ is again several orders less than that of 
the base fluid. Thus, there are sufficient theoretical 
reasons, as also noted from kinetic theory arguments [75, 
82, 83], to believe that the direct diffusional motion of 
the nanoparticles has a negligible effect on the nanofluid 
thermal conductivity.  
 
Effect of Micro-convection 
 
In a related, but more intriguing hypothesis, the thermal 
conductivity is regarded to increase because of the large 
amount of the fluid that is carried by the diffusing 
nanoparticles [38-44]. In the ‘micro-convection’ 
hypothesis, it is hypothesized that convection currents set 
up by the Brownian motion of the nanoparticles can 
enhance the heat transfer between the nanoparticles and 
the base fluid, and hence, the nanofluid thermal 
conductivity. In this paper, we will focus on two micro-
convection models that have received recognition in 
recent years. In the Jang and Choi model [39, 40], a new, 
but somewhat heuristic, heat transfer correlation is 
introduced to account for the randomly moving 
nanoparticles due to thermal motion which is given by 
 
( )2 2Re Pr
f
hdNu Oκ≡ =                              (24) 
 
 The effective thermal conductivity can then be written as 
[40] 
 
 ( ) ( ) 2
11 Re Pr
ˆ1
p f
d
f f p
d
C
d
κκ φ φ φκ α κ
⎛ ⎞ ⎛ ⎞= − + +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟+ ⎝ ⎠ ⎝ ⎠
    (25) 
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where ˆ /b pR dα κ≡ stands for a non-dimensional 
interfacial thermal resistance, and Red and Pr denote the 
Reynolds number for the nanoparticle and the Prandlt 
number for the base fluid, respectively. With negligible 
micro-convection and interfacial thermal resistance, Jang 
and Choi model coincides with the parallel mode of 
thermal conduction. A strong micro-convection effect 
will however, result in a thermal conductivity much 
higher than that of the parallel mode. Very good 
agreement is obtained with the experiments.  
 
In the Prasher et al model [41, 42], the more traditional 
heat transfer correlation of flow over a sphere is adopted. 
Assuming that the Nusselt number on the scale of 
particle radius is O(1), the Brownian motion of a single 
nanoparticle is regarded to increase the effective thermal 
conductivity of the base fluid by a factor of 
[ ]1 (1/ 4) Re Pr+ , A chief argument for micro-convection 
comes from the presumed presence of interfacial thermal 
resistance for the nanoparticles. Indeed, for nanosized 
filler particles in a solid composite, the effect of 
interfacial resistance can be very pronounced. Thus to 
account for the interfacial thermal resistance and the 
mixing of convection currents from multiple 
nanoparticles, the thermal conductivity of the nanofluid 
is fitted to experimental data using the expression [41] 
 
 ( )0.333 1 21 Re Pr 1f A γ
κ βφφκ βφ
⎛ ⎞+= + ⎜ ⎟−⎝ ⎠
               (26)       
       
where γ is a system-specific exponent, which for aqueous 
suspensions is found to have an optimal value of 2.5, and 
A is  constant attaining values as large as 4×104.  For 
negligible micro-convection effects and interfacial 
thermal resistance, the Prasher et al model reverts back 
to the Maxwell expression for well-dispersed 
nanoparticles. 
 
We will now examine the characteristics of the micro-
convection models in more detail. The hypothesized 
micro-convection effects appear through Re /d Vd ν= , 
where V is the convection velocity and ν denote the 
kinematic viscosity of the base fluid. In both the micro-
convection models, the convection velocities are 
represented by a ‘Brownian velocity’ to account for the 
rapidly oscillating nature of nanoparticle motion. In the 
Jang and Choi model, V is given by [39] 
 
3
ss
B
f p f
k TDV
l d lπμ= =                 (27) 
 
where lf is the mean-free path of a base fluid molecule 
and Dss is the self-diffusion coefficient of the 
nanoparticle. As noted by the authors, it is not clear 
whether this ratio actually represents a random velocity 
of the nanoparticle. In the Prasher et al model (as also in 
[38]), the conventional thermal velocity of the 
nanoparticle is taken as the convection velocity which is 
given by [41] 
 
 
3
3 18B B
p
k T k TV
m dπρ= =                 (28) 
 
where T is the temperature, kB is the Boltzmann constant, 
and m and ρ are the mass and density of nanoparticle 
respectively. Interestingly, a different form is adopted in 
the Patel micro-convection model [44] which is given by  
 
2
2 B
p
k TV
dπμ=                               (29) 
 
The latitude in choosing several forms, and therefore, 
differing physical characteristics, stems from the non-
rigorous concept of a Brownian velocity. In the formal 
theory of Langevin dynamics, a fluctuating thermal 
velocity is uniquely defined while velocities constructed 
based on diffusion characteristics are not.  
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Fig. 5. THW data for Ludox (ρ~2200kg/m3, d=32 nm), 
MFA (ρ~2140kg/m3, d=44 nm), Al2O3 (ρ~4000kg/m3, 
d=38 nm) and CuO (ρ~6300 kg/m3, d=29 nm) 
suspensions, plotted as a function of .βφ  The deviation 
of micro-convection model from Maxwell for Al2O3and 
CuO are comparable to the experimental uncertainty 
(results not shown). 
 
Two peculiar consequences of Eq. (28) are that for a 
given base fluid, temperature and nanoparticle size, the 
enhancement in the thermal conductivity increases with 
decreasing nanoparticle density ρ, and for nanoparticles 
with low density, the thermal conductivity can be largely 
positive even if p fκ κ< . In our previous paper [84], we 
had explicitly tested this prediction with transient hot-
wire (THW) technique on nanofluids with silica and 
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MFA (a copolymer of tetrafluoroethylene and perfluoro-
methylvinylether) nanoparticles that are lighter than the 
commonly tested alumina and copper oxide 
nanoparticles. We will report the main results briefly. Eq. 
(1) predicts /p fκ κ to be a universal function of 
βφ while the micro-convection model does not. In Fig. 
5, we plot two sets of data for Ludox and MFA as a 
function ofβφ  along with the reported experimental data 
in the literature for alumina and copper oxide which have 
higher densities as previously mentioned. Remarkably, 
all the experimental data collapse on to a single line 
predicted by the classical Maxwell theory without any 
interfacial thermal resistance and regardless of the 
nanoparticle density (or size). However, assuming micro-
convection contributions lead to system-dependent 
predictions which are strongly conflicting with the 
experiments. 
 
We have attributed the over-prediction of the micro-
convection model from ascribing the nanoparticle 
thermal velocities as the convection velocities in place of 
the significantly lower thermophoretic drift velocities 
[84]. Am important observation we made was that a 
nanofluid under equilibrium conditions, will not support 
any convection regardless of Brownian motion of the 
nanoparticles. We note that the mixing of fluid currents 
around a nanoparticle, a concept which is borrowed from 
the macroscopic fluid flow, is not appropriate at 
microscales because the dragging of fluid around 
nanoparticles can occur at equilibrium conditions [85] in 
a nanofluid while macroscopic fluid flow is always under 
non-equilibrium conditions. To put it differently, the 
dragging of the bulk fluid in a nanofluid is thermally 
driven while at macroscopic scales, it is gradient driven. 
As explained in Section 2, an introduction of a thermal 
gradient, non-equilibrium coupling between mass and 
heat transport takes place due to the Soret effect. Thus, a 
colloidal particle acquires a thermophoretic drift velocity 
given by T Tu D T= ∇ [80]. For nanoparticles which are 
sufficiently larger than the molecular dimensions, the 
small Knudsen number makes the no-slip interface 
conditions a reasonable approximation [86]. Thus in 
typical thermal conduction experiments, the micro-
convection velocities can only be of the order of the 
thermophoretic velocities.  
 
Compared to the magnitude of the strongly fluctuating 
thermal speed, the thermophoretic velocities are 
insignificant in a nanofluid as they are characteristic of 
the collective motion of fluid motion around several 
diffusing nanoparticles. Our optical thermal lensing 
measurements have yielded a value of DT ~ 10-12 m2s-1K-1 
for both Ludox and MFA colloids, which in typical 
THW experimental time scales corresponds to 
thermophoretic velocities as low as 1 nm/s while the 
assumed convection velocities in Prasher et al and Jang 
and Choi models are O(1) m/s and O(0.1) m/s, 
respectively. Theoretical estimates of colloidal drift 
speeds are also in the range of O(10-8) m/s [79] which is 
consistent with our experimental values. To show that 
the thermophoretic velocities are insignificant even for 
very small nanoparticles, we have performed non-
equilibrium molecular dynamics simulations (NEMD) on 
a model system. The details of the simulation method are 
given in [70]. Fig. 6 shows the relative magnitudes of the 
typical instantaneous nanoparticle velocity and the 
corresponding thermophoretic drift velocity. At steady 
state the magnitude of the thermophoretic drift velocity is 
two orders smaller than that of the RMS value, thus 
verifying its negligible magnitude. 
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Fig. 6. Typical instantaneous and thermophoretic drift 
velocities in the z-direction of a 100 atom solid 
nanoparticle in a generic LJ fluid with NEMD 
simulations. The root-mean-square (RMS) velocity of the 
nanoparticle (0.098) is very close to /BV k T m= . With 
Argon fluid atoms, a reduced velocity of 0.1 and time of 
100 corresponds to 15.79 m/s and 0.215 ns, respectively. 
 
The fact that the particle thermal velocity is not the 
relevant velocity scale for heat transport is excluded by a 
simple argument. One should indeed compare the 
distance a particle move within a Brownian relaxation 
time fm /=τ , where f is the particle friction coefficient 
with the typical spatial scales of the thermal gradient 
(which are mesoscopic). For particles in the few tens of 
nanometer size range, )10(~ 10−Oτ  s, this time scale 
corresponds to a particle displacement of a few 
thousands of its diameter. The relaxation timeτ , which 
also sets the time decay of correlations between the 
particle momentum and energy density flux in the liquid 
[87], is negligible on the time scales probed by THW 
measurements. Thus, the difference of several orders of 
magnitude in the convection velocities precludes a 
significant contribution to the thermal conductivity from 
any conceivable micro-convection mechanism. 
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4.0 Mean-field Bounds for Nanofluid 
Thermal Conduction 
 
In Section 3, we have provided experimental and 
theoretical evidences to show that the interfacial layers 
around a nanoparticle, Brownian motion of nanoparticles 
and micro-convection do not influence the thermal 
conductivity of the commonly tested nanofluids. In this 
section, we show that the mean-field theories are capable 
of explaining the rather large thermal conductivity 
enhancements reported so far. In addition, we also show 
that nanofluid thermal conduction behavior is strikingly 
similar to that observed in solid-composites and liquid 
mixtures by examining the theoretical bounds discussed 
in the previous section. However, we find that the 
interfacial thermal resistance, inferred from a large body 
of experimental data, is negligible for most nanofluids 
but can become significant for solid-composites. 
 
 
4.1 Mean-field Bounds for Solid Composites 
 
We will start by discussing the mean-field bounds for 
solid-composites which is a well-researched area for 
several decades. As discussed before the Hashin and 
Shtrikman (HS) limits are the narrowest bounds that can 
be constructed on the basis of volume fraction alone. The 
lower HS bounds is identically equivalent to the dilute 
Maxwell limit for well-dispersed nanofluids ( )/ 1p fκ κ >> while the upper HS bound corresponds to 
a linear chain-like configuration. The HS bounds, in turn, 
are enveloped by those from the series and parallel mode 
of conduction. The spread of the bounds depend on the 
relative thermal conductivities of the media. Most 
experiments with solid composites have large difference 
in the thermal conductivity and a relatively large spread, 
ranging several orders, can be expected for the 
enhancements.  
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Fig. 7(a)-(j)  Mean-field bounds for solid composites. The thin solid and thin dotted lines denote the enhancement in 
thermal conductivity with the series and parallel modes, respectively. The upper Hashin and Shtrikman (HS) bound is 
delineated by the thick solid line while the lower HS bound is given by thick dashed line. The experimental data [30, 88-93] 
are represented by the symbols. In (h), (i), (j), the lowest bound (dashed-dot line) is given by (1 3 / 2)φ− for the limiting 
condition,α →∞ .
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In Fig. 7, we have plotted the thermal conductivity 
enhancements for a large number of solid composite 
materials. The mean-field bounds are calculated based on 
the thermal conductivity data given in the Appendix. At 
larger volume fractions ( )10%φ > , the experimental data 
largely lie between the lower HS (Maxwell) and the 
upper HS bound. At lower ( )10%φ ≤ , the thermal 
conductivity falls below the lower HS bound for a few 
composites, and for polyethylene-Cu, and polyethylene-
Zn, and ZnS-Diamond, it becomes lower than the series 
mode prediction. Additionally, as the size increases, the 
thermal conductivity increases (Polypropalene-Al, 
Polypropalene-AlN, ZnS-Diamond) significantly. 
 
All of the above observations can be reconciled within 
the frame-work of mean-field theories. The non-
dimensional interfacial resistance parameter, 
2 /b fR dα κ≡ determines the temperature discontinuity 
at the filler particle-base medium interface. In the limit 
p fκ κ>> , the Maxwell expression becomes 
 
( ) ( )
( ) ( )
1 2 2 1
1 2 1m
α φ ακ
κ α φ α
+ + −= + − −
                                           (30)    
 
where κm is the base medium thermal conductivity. Since 
α increases for decreasing filler particle size, d, the 
effective thermal conductivity decreases for smaller sized 
filler particles which is consistent with the experimental 
data on ZnS-Diamond and polyvinylidne fluoride-AlN. 
In the limit of α →∞ , κ/κm reduces to (1 3 / 2)φ− . Thus, 
the effective thermal conductivity can become smaller 
than that of the base medium for all volume fractions as 
attested by data for ZnS-Diamond with 0.5 μm particles. 
Furthermore, the data for polyethylene-Cu and 
polyethylene-Zn are also bounded by (1 3 / 2)φ− . 
 
Well-dispersed large spheres largely follow the lower HS 
limit except at higher volume fractions. As the volume 
fraction increases the filler particles tend to form chain-
like configurations which promote a better heat transfer, 
and hence the thermal conductivity. This formation of 
interconnected or percolating filler particles explains the 
rapid non-linear increases in the thermal conductivity at 
higher volume fractions (see polyethylene-Cu, and 
polyethylene-Zn in linear scale). The filler materials in 
the form of fibers, as observed with Polyamide-Cu, are 
also very efficient for heat transfer. In a more dramatic 
observation, polyethylene polymer, a material having a 
low κ of 1 W/m-K, increases its thermal conductivity to 
50 W/m-K, close to that of steel, when oriented in the 
direction of heat flow [63]. We emphasize here that the 
upper HS bound is never violated for any of the 
experimental data.  
 
 
 
 4.2 Mean-field Bounds for Liquid-Mixtures 
 
Unlike those in solid-composites, the mean-field bounds 
in liquid-mixtures are not well-recognized. In the 
Sutherland-Wassiljewa theory, the thermal conductivity 
of a liquid mixture is given by [94] 
 
1 2
1 2
1 12 2 1 21 2
n n
n A n n A n
κ κ κ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠
               (31)        
 
where n denotes the mole fraction and 1 and 2, stand for 
two components. The coefficient A, known as 
Wassiljewa coefficient, is given by the following semi-
empirical form [95] 
 
21/ 2 1/ 4 21 1
4
j ji
ij
j i i j
M M
A
M M M
κ
κ
⎡ ⎤⎛ ⎞ ⎡ ⎤⎛ ⎞⎢ ⎥= + ⎜ ⎟ ⎢ ⎥⎜ ⎟⎜ ⎟ +⎢ ⎥ ⎢ ⎥⎝ ⎠⎝ ⎠ ⎣ ⎦⎣ ⎦
                   (32)       
 
where M denotes the molecular weight. We can easily 
see that for equi-molar liquids and A12=A21=1, the above 
expression is identical to that of the parallel mode of 
thermal conduction.  
 
In Fig. 8 we show the four bounds for a few 
representative liquid mixtures along with the unbiased 
estimate, Eq. (20). Most the data are nestled between the 
lower and higher HS bounds. Due to the small 
differences between the thermal conductivities of the two 
media, the bounds are relatively narrower. Liquids, in 
general, do not have identifiable structures even though 
X-ray and neutron scattering data show a structure for 
water possibly arising from a network of hydrogen-
bonds. Such networked bonding can facilitate liquid 
molecules to form loosely formed dynamic structures 
with characteristics of both interconnected chains and 
isolated blocks of molecules. Such an arrangement will 
be consistent with that of the unbiased model. Indeed, we 
find that most of the data on liquid mixtures are well-
predicted by the unbiased model which predicts a 
thermal conductivity that lies between the HS bounds.  
 
The coefficient Aij in the Sutherland-Wassiljewa theory, 
originally developed for gaseous mixtures, has the 
physical interpretation of the ratio of efficiencies with 
which molecules j and molecules i impede the transport 
of heat [94]. The agreement with the unbiased estimate 
suggests that the coefficient Aij can be simply regarded as 
empirical factor in liquids to account for the dynamical 
structures.  
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Fig. 8(a)-(f)  Mean-field bounds for liquid mixtures. The line and symbol codes are the same as in Fig. 7 with the addition 
thin solid line between the HS bounds denoting the unbiased or Bruggeman estimate. 
The experimental data are taken from [96] and [97].
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4.3 Mean-field Bounds for Nanofluids 
 
For both solid composites with negligible interfacial 
thermal resistance and liquid mixtures, HS bounds are 
respected to a large degree. However, these bounds have 
not been tested so far for nanofluids. In Fig. 9, we 
compare the mean-field bounds for a large body of 
nanofluid data, including those which have been 
described as unusual or anomalous. The data set includes 
oxide nanoparticles with relatively low κ (silica, 
zirconia), moderate κ (alumina, copper oxide), and high κ 
(copper, aluminum, carbon nanotubes). It also includes 
different base media including water (polar), ethylene 
glycol and oil, and nanoparticles with lower thermal 
conductivity relative to the base media (C-60/70 and 
MFA in water). 
 
Quite remarkably, all the data, except for a few sets, lie 
between the HS bounds affirming the same mechanism 
for thermal conduction for nanofluids as those of solid 
composites and liquid mixtures, namely, through 
molecular or electronic interactions. By examining the 
main features of the nanofluid data we can derive useful 
insights into the finer details of the conduction 
mechanism. The most striking feature is that only a small 
set of nanofluid data falls significantly below the 
Maxwell limit or lower HS bounds even at very low 
volume fractions and with nanoparticles that are in the 
tens of nanometers. This behavior is very unlike that in 
solid composites where at low volume fractions and 
nanometer sized filler particles, the effective thermal 
conductivity drop well below the series conductance 
bound. When the thermal conductivity of the dispersed 
media becomes closer to that of the base media, the HS 
bounds becomes narrower as can be noted with silica, 
zirconia and Fe3O4. This also implies that small errors 
(say 10-20%) in nanoparticle thermal conductivity can 
cause a discernible change in the mean-field bounds.  
 
For well-dispersed nanoparticles, the enhancement is 
consistent with the Maxwell or lower HS bound. Since 
Maxwell limit represents the maximum thermal 
conductivity that that is possible with well-dispersed 
nanoparticles, it can be inferred that the interfacial 
thermal resistance for most nanofluids is negligible. Even 
if the nanoparticle thermal conductivity is smaller than 
that of the bulk value (as observed in nanosized thin 
films [98]), all the experimental data, except for 
fullerenes (C-60/70) and to some extent, MFA in water, 
remains bounded from below by the Maxwell theory 
with Rb=0. This observation is contrary to what has been 
presumed in the past, ostensibly from the strong 
influence of thermal resistance for solid composites and a 
rather limited nanofluid data set. Indeed, the original 
motivation of micro-convection hypothesis [41] stems 
from the presumed role of interfacial resistance in 
nanofluids.  
Interfacial thermal resistance 
 
The occurrence of an interfacial thermal (Kapitza) 
resistance at a liquid-solid interface has been 
experimentally evaluated by Cahill and co-workers who 
observed a bounding Rb of 0.67×10-8 Km2W-1 and 2×10-8 
Km2W-1 for hydrophilic and hydrophobic interfaces 
respectively [99]. With nanofluids with carbon 
nanotubes, a large variation in Rb, ranging from a low 
0.24×10-8 Km2W-1 [100] to a high 8.3×10-8 Km2W-1 
[101, 102] that is comparable to Rb in a solid matrix (for 
example, diamond-silicon composite having an Rb of 
27×10-8  Km2W-1 [98]) is also reported. The large span in 
the Rb data, and the near zero Rb inferred from Fig. 9, 
indicates that influence of the fluid interactions on the 
interfacial thermal resistance in nanofluids. This is 
further substantiated by the very different behavior for 
fullerenes (C-60/70) suspensions in surfactant- stabilized 
water, and oil without the use of a surfactant. While for 
fullerenes in water, a small, but identifiable reduction in 
thermal conductivity below the Maxwell prediction is 
recorded, possibly due to the interactions of surfactant 
molecules  with surrounding liquid, fullerenes in oil is 
consistent with Maxwell prediction with Rb=0. 
 
Theoretical studies show that Rb attains relatively large 
values only when the liquid does not wet the solid 
surface. In our context, complete wetting may be a 
reasonable assumption for dispersions of hydrophylic 
colloids such as Ludox, and possibly for charged MFA 
colloids, where particle solvation is ensured by 
electrostatic forces. We also point out that terms like 
“hydrophobic” and “hydrophilic” are rather subtle, and 
the macroscopic concepts such as the contact angle may 
be a bit misleading. The rate of energy transfer would be 
indeed weaker if the liquid does not wet the solid, since 
in this case the liquid density in the interfacial layer 
would be depleted. Yet, from a microscopic point of 
view, what one may need to consider is the free energy 
of insertion of the particle in the fluid. For a stable, non 
aggregating colloidal dispersion, the latter is certainly 
negative (meaning, the particles are well-solvated). This 
means that even particles made of a hydrophobic 
material such as MFA can behave as “hydrophilic”. The 
reason for this apparent paradox is related to the presence 
of the charged double-layer, which leads to the formation 
of a solvation layer made of hydrated counterions, 
hindering solvent depletion in the interfacial layer.  More 
studies are however, needed for a microscopic 
understanding of the solid-fluid interfacial resistance in 
the presence of solvation shells.  
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Fig. 9(a)-(r)  Mean-field bounds for nanofluids. The line and symbol codes are the same as in Fig. 7. 
The references for experimental data are [19, 29, 103-106], [19, 22, 104], [7], [14, 107], [13], [20], [2], [1], [15], [6, 108-
111], [12], [17] and [4].
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A possible explanation for differences between the 
thermal resistance at a solid-solid and solid-liquid 
interface comes from the role of phonons (vibrational) 
modes with longer wavelengths in solids and its absence 
in liquids and dilute nanofluids. In classical terms, 
phonons are simply non-local, vibrational modes in a 
system. In the linear response theory [112], the thermal 
conductivity is the integral of autocorrelation of the 
microscopic heat flux vector which can be written as 
[113] 
 
( ) ( )2
0
1 0
3 q qB
t dt
Vk T
λ ∞= ∫ J J                (33)                                            
 
where Jq is the microscopic heat flux vector, V is the 
volume and t is the time. According to Eq. (33), the 
longer the heat flux is correlated in time, measured by 
the product Jq(τ)Jq(0), higher will be the thermal 
conductivity. We will neglect the electronic contribution 
in the present discussion. The behavior of the heat flux 
autocorrelation (HACF) is not directly observable 
through experiments but is easily accessible from 
molecular dynamics simulations [113] provided accurate 
interatomic potentials are available. Our equilibrium MD 
simulations in Argon crystal, a material selected as a 
representative solid, the heat flux autocorrelation 
function portrays a two-stage behavior (see Fig. 7). The 
decay of the first stage is associated with the local 
dynamics [114] corresponding to the dynamics of nearest 
neighbors, while the slow decay of the second stage is 
associated with the collective dynamics of the long 
wave-length phonons that arise from the long-ranged 
crystalline order. In a liquid, there is no long ranged 
order and the heat flux autocorrelation shows a single 
stage, near exponential relaxation behavior as shown in 
Fig. 7. The details of the equilibrium MD simulations are 
given in [115]. 
 
For solid composites, the inclusion of filler materials acts 
as scattering centers and the contribution of long-
wavelength phonons would be quickly impeded. Indeed, 
the introduction of even tiny amounts of impurities in a 
perfect lattice, impedes the long-ranged phonon 
contribution and dramatically reduce the thermal 
conductivity [116]. With a dilute nanofluid system, the 
HACF behavior it is reasonable to assume that the 
correlation function remains unaltered in the long-time 
behavior. Our MD simulations on a model nanofluid 
affirms this behavior by portraying a correlation behavior 
that is nearly exponential in nature, and a correlation 
time that remains more or less unchanged (see Fig. 11) 
with the inclusion of nanosized solid clusters. The cluster 
sizes in the MD simulation are of O(1nm) with a weak, 
but fully wetted cluster-fluid interaction and corresponds 
to a volume fraction of approximately 5%. The details of 
the model system are given in [70]. The quick decay of 
the HACF is also noted with a single, larger 2 nm 
nanoparticle ( )10%φ =  [83], and in a Xe-Pt model 
nanofluid system [115]. 
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Fig. 10 Heat flux autocorrelation functions (HACF) for 
Argon solid and liquid from equilibrium MD 
simulations. The stronger correlation strength (measured 
by the magnitude) and longer time for perfect crystals 
assures a higher thermal conductivity, which is the area 
under HACF. A reduced time of 1 unit corresponds to 
2.16 ps.  
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Fig. 11 Heat flux autocorrelation function (HACF) for a 
model nanofluid system from MD simulations. The near-
identical correlation time indicates the absence of long-
wavelength phonons with the insertion of solid clusters. 
A reduced time of 1 unit corresponds to 2.16 ps. 
 
The strength of the HACF, in the present simulations 
increases due to a fully wetted cluster-fluid interaction 
resulting in an increase in the effective thermal 
conductivity consistent with the Maxwell prediction. For 
larger sized nanoparticles, an appreciable thermal 
resistance is noted only when the liquid does not wet the 
solid surface, as noted in a separate MD simulation 
[117]. The limited MD simulations, thus far indicates 
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that the wetting properties of a solid-fluid interface plays 
a key role on the interfacial thermal resistance. Work is 
in progress for deriving a fundamental understanding of 
wetting and thermal resistance, especially within an 
electric double layer for charged colloids. 
  
Resolving the Apparent Contradictions with the Mean-
Field Approach 
 
Coming back to the discussion on the experimental data 
on nanofluids, the apparent contradictions or anomalous 
behavior such as lack of correlation to particle thermal 
conductivity and size effects can be resolved by 
weighing in the ability of nanoparticles into forming 
linear chain-like clusters. Not all clusters are equally 
efficient in increasing the thermal conductivity as 
experiments show that the larger clusters without the 
linear chain-forming morphologies lead to a limiting 
behavior in the enhancement. The temperature 
dependence is also not as striking as it was earlier 
believed with the recent experiments [7, 118] showing a 
similar variation for both nanofluids and the base fluid. 
This implies that the mechanism for increase in the 
thermal conductivity of water (for example, the 
temperature dependent slow modes [119]) is also 
responsible for the thermal conductivity increase in the 
nanofluids as well. Conversely, it is reasonable to expect 
a decrease in the nanofluid thermal conductivity for a 
base fluid that has a negative change in thermal 
conductivity with increasing temperature. Additional 
experiments evidences are needed to verify this 
hypothesis. 
 
 
5.0 Concluding Remarks 
 
In conclusion, we have presented experimental evidence 
to show that almost all the reported nanofluid thermal 
conductivity data obeys the well-known Hashin and 
Shtrikman mean-field bounds for inhomogeneous 
materials. The striking similarity of the nanofluid data to 
solid composites and liquid mixtures strongly indicate 
that the mechanism of nanofluid thermal conductivity is 
classical in nature, namely, through molecular and 
electronic interactions. The earlier reports of 
anomalously high thermal conductivity can be traced 
back to an exclusive comparison of the test data to 
theories (such as Maxwell) that are applicable only to 
well-dispersed nanoparticles. Once this constraint is 
relaxed, and a linear chain-like configuration is allowed 
for the nanoparticles, the mean-field approach predicts a 
thermal conductivity range which easily accommodates 
almost all the reported data on nanofluid thermal 
conductivity. 
 
A key difference between the thermal conduction 
behavior in a nanofluid and solid composites appears to 
be the interfacial thermal resistance. Again, a large body 
of nanofluid experimental data, including those from the 
current study, shows that the interfacial thermal 
resistance is negligible for most nanofluids  while for 
nanosized fillers in solid composites, the effective 
thermal conductivity is strongly dependent on it. There 
are indications from molecular dynamics studies that the 
wetting properties have a significant influence on the 
interfacial thermal resistance in nanofluids. It is likely 
that hydrophilic nanofluids, such as those with oxide 
nanoparticles, and nanofluids that are electro-statically 
charged, are completely wetted due to presence of 
solvation layers. Molecular dynamics simulations are in 
progress to understand a fundamental understanding of 
interfacial thermal resistance in nanofluids, especially 
within an electric double layer. 
 
It remains a challenge to accurately identify and 
manipulate the cluster configuration to modify the 
thermal transport properties of a nanofluid. The two 
characterization techniques, DLS and SEM have 
limitations in assessing the structure of nanoparticles. 
DLS measurements are limited to dilute suspensions 
( 1%)φ <  for most nanofluids while SEM imaging can 
be performed only after drying the base fluid. On the 
basis of the experimental evidences provided in this 
paper, the key to having an enhanced thermal 
conductivity largely depends whether the nanoparticles 
are dispersed or form chain-like configurations. Within 
the current experimental techniques, it is possible to 
characterize the cluster formation through fractal 
dimensions [53, 59, 120]. Once these geometrical details, 
are available, a more precise comparison can be made 
between several samples that show appreciable 
differences in the thermal conductivity (for example, see 
the data on alumina and copper oxide nanofluids in Fig 
9). While the science of making well-dispersed colloids 
have reached a fair amount of maturity, the attempts at 
generating targeted nanoparticle configurations in a 
nanofluid is still in an evolving phase. It is expected that 
future studies can systematically address the 
configurational constraints necessary for an enhanced 
thermal conduction in nanofluids. 
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Appendix
 
 
Table 1. Thermal conductivity data for solid composites 
 
Material κ (W/m-K) Reference 
Aluminum 237 [90] 
Alumina 33.095 [93] 
Graphite 209.2 [93] 
Cupric oxide 9.21 [88] 
Copper 384 [91] 
Aluminum 
nitride 
200 [121] 
Diamond 
(polycrystal) 
600 [30] 
Zn 116 [89] 
Polypropylene 0.239 [90] 
Polyethylene 0.505/0.291 [89, 93] 
Epoxy 0.221 [88] 
Polyamide 0.32 [91] 
Polyvinylidene 
fluoride 
0.12 [92] 
Zinc sulphide 17.065 [30] 
 
 
 
 
Table 2. Thermal conductivity data for liquid mixtures 
 
Material κ (W/m-K) Reference 
Water 0.61 25 ºC, [122] 
Ethanol 0.161 32.6 ºC, [96] 
Acetone 0.154 40 ºC, [97] 
Methanol 0.198 28.1 ºC, [96] 
Propylene glycol 0.199 40 ºC, [97] 
Ethylene glycol 0.252 40 ºC, [97] 
Propan-2-ol 0.137 40 ºC, [97] 
Formamide 0.352 40 ºC, [97] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 3. Thermal conductivity data for nanofluids 
 
Material κ (W/m-K) Reference 
Water 0.61 25 ºC, [122] 
Ethylene glycol 
(EG) 
0.25 25 ºC  
(Measured data) 
Oil 0.11-0.15 [29, 108-110] 
Al2O3 36 Representative 
value, [93, 123, 
124] 
CuO 20 Representative 
value, [29, 125] 
ZrO2 2 Representative 
value, [124] 
TiO2 11.7 Representative 
value, [124] 
SiO2 1.7  Representative 
value, [84, 110] 
Fe3O4 7.0 [123] 
Au 317 [123] 
Ag 429 [123] 
Al 237 [123] 
Fe 80.2 [123] 
Carbon nanotubes 
(CNT) 
2000 Representative 
value, [109] 
Diamond 600  Polycrstalline, 
[30] 
Fullerenes (C60) 0.4 [126] 
MFA 0.2 [84] 
Al2Cu 237 Assumed value 
of Al, [123] 
 
 
